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Abstract. In this paper, we establish some new Ostrowski type inequalities 
for s— logarithmically convex functions by using Riemann-Liouville fractional 
integrals. Some applications of our results to P.D.F.'s are given. 



1. INTRODUCTION 

Let /:7c [0, oo] — > R be a differentiable mapping on 7°, the interior of the 
interval 7, such that /' 6 L [a, b] where a,b £ I with a < b. If \f (x)\ < M, then 
the following inequality holds (see [5]). 



(1.1) 



/»- 



1 



f(u)di 



< 



M 



(x — a) 2 + (b — x) 2 



This inequality is well known in the literature as the Ostrowski inequality. For 
some results which generalize, improve and extend the inequality (jl.ip see ([2]-[5]) 
and the references therein. 

Let us recall some known definitions and results which we will use in this paper. 
The function / : [a, 6] — > R, is said to be convex, if we have 

f(tx+(l-t) y)<tf (x) + (l-t)f(y) 

for all i,!/ 6 [a, b] and t £ [0, 1] . 

In pQ, Akdemir and Tung were introduced the class of s-logarithmically convex 
functions in the first and second sense as the following: 

Definition 1. A function / : 7 C Ro — > R+ is said to be s-logarithmically convex 
in the first sense if 

(1-2) f(ax + (3y)<[f(x)f[f(y)f 

for some s £ (0, 1], where x,y £ I and a s + /3 s = 1. 

Definition 2. A function f : I C Ro — >• R+ is said to be s-logarithmically convex 
in the second sense if 

(1-3) f(tx + (l-t)y)<[f(x)f[f(y)f- tr 

for some s £ (0, 1], where x,y £ I and t £ [0, 1]. 
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Clearly, when taking s = 1 in Definition [T] or Definition [21 then / becomes the 
standard logarithmically convex function on /. 

The main purpose of this paper is to establish some new Ostrowski's type in- 
equalities for s— logarithmically convex functions. We also give some applications 
to P.D.F.'s. 



2. THE NEW RESULTS 

In order to prove our main results, we will use following Lemma which was used 
by Alomari and Darus (see [3]): 

Lemma 1. Let f : I C R — > R, be a differentiable mapping on I where a, b G I, 
with a <b. Let f G L[a,b], then the following equality holds; 

b 1 

f(x)--^— J f(u)du=(b-a) J p(t) f (ta+(l-t) b)dt 

a 



for each t £ [0,1], where 



Pit) 




for all x G [a, b] . 

Theorem 1. Let I D [0, oo) be an open interval and f : I — Y (0, oo) is differentiable 
mapping on I. If f G L[a,b] and |/'| is s -logarithmically convex functions in the 
first sense on [a, b] for some fixed s G (0, 1] , then the following inequality holds: 



(2.1) 



fix) 



b — a 



fiu)du 



< \f (b)\*(r,s,a,b) 



where 



*(r,s,a,6) 



(b-a) 



3 (^)(2,(^f)-l) + l T -- T <£Z)(2s(^)-l) 



2s 2 lnr 



2s 2 In t 



(a-x) 2 + (b-x) 2 
2(b-a) 



,T < 1 



,T = 1 



l/»l 

\f'ib)\ 
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Proof. By Lemma 1 and since |/'| is s— logarithmically convex function in the first 
sense on [a, b] , we have 



fix)-- / f(u)du 



b- 



< (b-a) 



< (b-a) 



t\f'(ta+(l-t)b)\dt+ / (f -t) \f'(ta+ (1 -t)b)\dt 



t\f'{a)f\f{b)\ 1 - t °dt+ I [l-t)\f'{a)f \f'{b)t e dt 



If r^TTgjJ = 1, it easy to see that 



/(a:)- — / f{u)du 



<\f(P)\ 



(a — x) 2 + (b — x) 2 
2 (b-a) 



If ]ZM < 1 then ( J^HV < f & 
it |/'(f))| < i; tnen [ \f'(b)\ J - I |/'(b)| 



we have 



fix)--: / f( U )du 



b — a 



< (b-a)\f'(b)\ 



l/'(fc)l 



2s 2 In 



l/'MI 



l/'(b)l 



- 1 



2s 2 In 



\\f'(b)\ ) 



This completes the proof. 



□ 



Corollary 1. If we choose \ f'\ < M in t2.1]) . we obtain the inequality: 



f( x )- J— I f( u )du 



< M# (r,s,a,b) 
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where 



(b-a) 



M s ( 5=1 ) (2s(|^f )-l) + l M 3 -M s ( ) (2s(f5f)-l) 
2s 2 In M ' 2 S 2 In M 



(g-g;) 2 + (b-a;) 2 
2(6-o) 



,M < 



,M = 



Corollary 2. 7/ we choose x = in \2. we obtain the inequality: 



a + b\ 1 



b-, 



f{u)du 



< \f'(b)\*(T,s,a,b) 



where 



*(r,s,a,6) = 



and 



(b-a) 



rV 2 J(s(b-fl)-l) + l , t s -t 2 (s(b-a)-l) 



2 S 2 lm 



2s 2 inr 



,T< 1 
,T = 1 



l/'(o)| 



Corollary 3. 7/ we choose s — \ in 12. we obtain the inequality: 



1 



b — a 



f{u)du 



< \f (6)|*(t, 1,0,6) 



where 



*(r,l,a,6) 



and 



(b-a) 



21m 



2 ln- 



(a-z) 2 + (b-a) 2 
2(b-a) 



,T < 1 



,T = 1 



Theorem 2. Lei 7 D [0, 00) &e an open interval and f : 7 — > (0, 00) is differ entiable 
mapping on I. If f G L [a, 6] and is s— logarithmically convex functions in the 
first sense on [a,b] for some fixed s G (0, 1] , then the following inequality holds: 

b 



(2.2) 

where 

(t, s, a, 6) = < 



1 



b — a 



f(u)du 



<J£ffl! r . (T ,., a ,» ) 



(b-a)p 



(p + l)» 



sg In r 

"(b-a:) 2 + (^-a) 



. ,£±1 

+ (x — a) " 



sg In r 
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and 



T = 



l/»l 

I/' (6)1 



/or q > 1 and p 1 + q 1 = 1. 



Proof. From Lemma 1 and by using the Holder integral inequality, we have 



/(*)- 
< (6 - a) 



1 



b — a 
( 



f(u)di 



J t p dt J \f'(ta+(l-t)b)\ q dt 



\ 



+ 



J {l-tfdt J \f'(ta+(l-t)b)\ q dt 



Since \f f \ is s— logarithmically convex function in the first sense, we can write 





/(*)-^ //(«)& 



< (& - a) |/' (6)| 
+ 

V 



t p dt 



(1 - i) p dt 



/ 



I/' (6)1 



l/»l 
I/' (6)1 



di 



V 



di 



If |y7^yj = 1) then we have 



fix) 



b — a 



f(u)du 



< 



If (6)1 
(P + 1)« 



6 — a 
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On the other hand, if ijTTgjj < L then 



|/»| 

I /'W I 



< 



sqt 



, thereby 





o — a 
/ i 

+ 

V 



f(u)du 



t p dt 



{l-tfdt 



J 



i 

\ 

If (g)| 
I/' (6)1 



ir (a)l 
If 



By computing the above integrals the proof is completed. 

Corollary 4. If we choose |/'| < M in 112. 2\) , we obtain the inequality: 



□ 



fix) 



b — a 



f{u)du 



< 



M 



where 



* (t, s, a, b) = < 



(b-a)p 



(&-*)' 



(P+1) 
A/ 3 "(^f)_i 

sg In M 



+ (x — a) p 



M Bq -M 



<<fef) 



sg In M 



(b-^) 2 +(a:-a) 2 
6-a 



Corollary 5. // we choose x = m V2.2]) , we obtain the inequality: 



a + b\ 1 



b — a 



f{u)du 



< 



b-a\ \f'(b) 



whe 



*(t,«,o,6) 



(^)-l\ ? , /V'-r"^) 



(r,s,a,6) 



sg In r 



sg In r 



,T < 1 

,r = l 



and 



\f'(a)\ 



I/' (6)1 

3. APPLICATIONS FOR P.D.F's 

Let X be a random variable taking values in the finite interval [a, 6], with the 
probability density function / : [a, 6] — > [0, 1] with the cumulative distribution 
function F(x) = Pt(X < x) = f a f(t)dt. 
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Theorem 3. Under the assumptions of Theorem 1, we have the inequality; 

< \f'(b)\*(T,s,a,b) 
where E{x) is the expectation of X and $ (r, s, a, b) as defined in Theorem 1. 



Pr(X <x) - (b-E(x)) 
b — a 



Proof. The proof is immediate follows from the fact that; 



E{x) = / tdF(t) = b- F(t) dt. 

J a J a 



a 



Theorem 4. Under the assumptions of Theorem 2, we have the inequality; 



Pr(X < x) - — !— (b - E{x)) 



<^)U (T ,,, M) 

(p+l)» 



where E(x) is the expectation of X and (r, s, a, b) as defined in Theorem 2. 
Proof. Likewise the proof of the previous theorem, by using the fact that; 

rb rb 

E(x) = / tdF(t) = b- F(t)dt 



the proof is completed. □ 
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